AP Topic: Power Series (BC only)

Since some graphing calculator can produce Taylor Polynomials, this question appears on
the no caleularor zllowed section. {Questions from 1995 — 1999 before the FR sections
was split do not have anything a calculator could do. They are interesting and clever and
worth looking at.)

What students should be able to do:

¢ Find the Taylor (or Maclaurin) polynomial or series for a given function — usually
4 terms and the general term). This may be done by finding the various
derivatives, or any other method such as substitution into a known series, long
division, the formula for the sum of an infinite geometric series, ntegration,
differentiation, etc.

, . . . 1
o  Know from memory the Maclaurin series for sin{x}, cos(x}, ", and e
—x

e Pmd related series by substitution, differentiation, integration or by adapting cne
of those above. |

o  Find the radius of convergence (usually by using the Ratio test, or from a
geomnetric series). '

e  Find the interval of convergence using the radius and checking the endpoints
separately. '

e Work with geometric series.

e Use the convergence test separately and when checking the endpoints.

e Find a high-order derivative from the coefficient of a term.

e  Estimate the ervor bound of a Taylor or Maclaurin polynomial by using
alternating series error bound or the Lagrange error bound.

e Do not claim that a function is equal to (=} its Taylor or Maclaunn polynomial; it
is only approximately equal (= ). This could cost a point.
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3. The Taylor series about x = 5 for a certain function f converges to f({x) for all x in the interval of
(-1)"n!
2"(n + 2)

convergence. The nth derivative of f at x = 5 is given by £ (5) = ,and F(3) = %

(a) Write the third-degree Taylor polynomial for f about x = 5.

{(b) Find the radius of convergence of the Taylor series for £ about x = 5.



(¢} Show that the sixth-degree Taylor polynomial for # aboui x = 5 approximates f(6) with error less

thar 1
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NO CALCULATOR ALLOWED

6. The Maclaurin series for the function f is given by

e eomt 4x®  8x°  16x* (2x)"H
T = 2 s T =t e

n=0

on its interval of convergence.

~ (&) Find the interval of convergence of the Maclaurin series for I Justify your answer.




(b) Find the first four

(e} Use the Maclaurin series you found in part (b) to find the value of f ’(‘ %)




J converges to (x} for all x in the interval of
0 is given by

3. The Taylor series about x =0 for a certain function
convergence. The nth derjvative of fat x=

_ ?T+I ,
f(”) (0) = "“——( V7 (n +21)' for n = 2.
5"(n~1)

The graph of f has a horizontal tangent line at x = 0, and £(0) = 6.

(a) Determine wheth

er f has a relative maximum, a

relative minimum, or neither at x = (0. Justify your znswer,

(b) V\—f—rh?e the third-degree Taylor polynomial for £ about x = (.



(¢} Find the radiug of convergence of the Taylor series for £ about x = 0. Show the work that ]

eads to your
answer,




Do not write béyond this border.

RO CALCULATOR ALLOWED o
— ©. The function f is defined by f(x) = R The Maclaurin series for £ is given by ]
+ x

1—x + 5%~ 4° Foet (=D

*

which converges to f(x) for -1 < x < 1.

(a? Find the first three nonzero terms and the general term for the Maclaurin series for F(x).

“NASG 2000 1010 OrT

e . 6 9 3
(b) Use your results from part (&) to find the sum of the infinite series —-55- + 2—5 - a— +eeet (1) Sn 1_1 +o

Continue problem 6 on page 15.
~14-
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Do not write beyond ihis border.

T e
sl SN - T

NO CALCULATOR ALLOWED

s
{c) Find the first four nonzero terms and the general term for the Maclaurin series representing Jo F(x) ar.

_7-'

. L. . . 12 .
(d) Use the first three nonzero tezms of the infinite series found in part {¢) to approximate jo/ Sf(£) dt. What
: . iz : .
are the properties of the terms of the series representing JD f(#) dt that guarantee that this approximation
is within

1_0,-10—@ of the exact value of the integral?

"13pIog STy puokaq aiua 10T 677

GO ON TO THE NEXT PAGE.
A5
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NO CALCULATOR ALLOWED
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Do not write beyond this border,

6. The function f is defined by the power senies

‘ 942 3 1 axt
f(x):#£+i_3i+_”_:_( ) nL
23 4 n+1
for all real numbers x for which the series converges. The function g is defined by the power series
2 3 no.n
X, X x {(-1)" x
=] -4+ — = —
R TRV TR I Y

for all real numbers x for which the series converges.

(a) Find the interval of convergence of the power series for f° Justify your answer.

‘Japiog STH] PUOL3q 3313Mm 10U O]

* Continne problem 6 on page 15,
] &
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{b) The graph of y = f(x) — g{x) passes through the point (0, -1). Find y’(0) and v”(0). Determine j
‘ whether y has a relative minimum, a relative maximum, or neither at x = 0. Give a reason for your answer.

TYEpIOT ST PUOAST STUA JOT B7T

STOP

END OF EXAM .

- THE FOLLOWING BESTRUCTIONS ARPLY TO THE COVERS OF THE
SECTIHON I BOOKLET. : ' ‘ :

o MAKE SUBE YOU BAVE COMPLETED THE IDENTIFICATION
IMFOREMATION AS BEGUESTED ON THE FRONT AHD BACK
COVERS OF THE SECTION | BOORKLET,

o CHECK TO SEE THAT YOUR AP NUMBER LABEL APFEARS IN
THE BOX(ES) O THE COVER(S).

C# MAKE SURE YOU HAVE USED THE SAME 85T OF AR
HUBIRER LABELS OW ALL AP EXAMS YOU HAVE TAKEN
THIS YEAR, .

e
-5
3 Dy
=i
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NO CALCULATOR ALLOWED

Do not write beyond this border.

6. Let f be the function given by f(x) = 6713 for all x.

{(2) Find the first four nonzero terms and the general term for the Taylor series for f about x = Q.

-

X
(b) Let g be the function given by g(x) = jo £(¢) dr. Find the first four nonzero terms and the general term for

the Taylor series for g about x = 0.

@G 2)0A 10T O]
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Continue problem & on page 15.
-4~
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Do not write beyond this border.

(c) The function / satisfies h{x) = If'(ax} for all x, where g and & are constants, The Taylor serdes for A
about x = 0 is given by
2 3 n
}'4 " :1+- ._'x;...ﬁ _{'_M,H. JE.__.....
1} l+2] FS!"{ -I-Il!-I .
Find the values of a and k.
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|
GO ON TO THE REXT PAGE.
{5
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Do not writé beyond this border,

x h(x} | A'(x) h"(x) R (x) K9 (x)
1 11 30 42 99 18
, 488 448 584
2 80 128 AL : ;
753 | 1383 3483 1125
34 3 2 4 16 16

3. Let & be a function having derivatives of all orders for x > 0. Selected values of & and its first four derivatives

are indicated in the table ahave. The function % and these four derivatives are

15 x<3.

increasing on the interval

(a) Write the first-degree Taylor polynomial for £ about x = 2 and wse it to approximate f(1.9). Is this

approximation greater than or less than 7{(1.9) 7 Explain your reascning, -
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Continus problem 3 on page 9.
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(b) Write the third-degree Taylor polynomial for 4 about x = 2 and use it to zpproximaie 2(1.9).

(c) Use the Lagrange error bound to show that the third-degree Taylor polynomial for i about x =2

approximates 4(1.9) with error less than 3 x 107%

END OF PART A OF SECTION Il
iF YOU FINISH BEFORE TIME 1S CALLED, YOU MAY CHECK YOUR WORK ON
FART A ONLY, DO NOT GO ON TO PART B UNTIL YOU ABE TOLD TO DO SO,

"13pI0q ST} PUOAQ S)UMA 10U 61
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Do not write beyond this border.

- 6. Consider the logistic differential equation

differential equation with £{0) = 8,
(a) A slopé field for this differential e

NO CALCULATOR ALLOWED

dy

J - )}
ar E’(ﬁ ~y): Lety=f {z) be the particular solution to the

(3.2) and (0, 8).

guation is given below. Sketch possible solution curves through the points
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(b) Use Buler’s method, starting at 1 = 0 with two steps of equal size, to approximate f(L).

-14-
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Contimue problem 6 on page 15, ...



NG CALCULATOR ALLOWED

Do not write beyoad this bordes,

]

(c) Write fhe second-degree Taylor polynomial for f about # = 0, and use it to approximate f(1).

PN

(d} Whatistherange of ffor t > 07

"IANION STTH DSINADT DITTAL 160Y0E Fe

7 GO ON TO THE HEXT PAGE,
18-
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Do not write beyond this border.

NO CALCULATOR ALLOWED
0. Let f be the function given by f(x) = 2% =
1+x

(2) Write the first four nonzero terms and the general term of the Taylor series for f about x = 0.

~Kog SyLim 10T OC]

(b) Does the series found in-part (2), when evaluated at x = 1, converge to £(1) ? Explain why or why not.

“Tapioq Sigl -

Continue problem 6 on page 15.
-14- '
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NO CALCULATOR ALLOWED

Do not write beyond this border,

{c) The delnvatWe of n (1 + xz) is - Wrife thé first four nonzero terms of the Taylor series for

n (1 + xz) about x = 0,

“IoPI0q §Tq oA 51D 10U O]

{d} Use the series found in part (¢} to find a rational number A such that A-In (—5—] <L Justify vour
. 4 )
answer, 10
L " .
GO ON TO THE NEXT PAGE.
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