AP Topic: Power Series (BC only)

Since some graphing calculator can produce Taylor Polynomials, this question appears on
the no calculator zllowed section. (Questions from 1995 — 1999 before the FR sections
was split do not have anything a calculator could do. They are interesting and clever and
worth looking at.)

What students should be able to do:

e Find the Taylor (or Maclaurin) polynomial or series for a given function — usually
4 terms and the general term). This may be done by finding the various
derivatives, or any other method such as substitution into a known series, long
division, the formula for the sum of an infinite geometric series, integration,
differentiation, etc.

1

o Know from memory the Maclaurin series for sin(x), cos(x), e*, and T
-X

o Find related series by substitution, differentiation, integration or by adapting one
of those above.

o Find the radius of convergence (usually by using the Ratio test, or from a
geometric series).

e Find the interval of convergence using the radius and checking the endpoints
separately.

o  Work with geometric series.

o Use the convergence test separately and when checking the endpoints.

o Find a high-order derivative from the coefficient of a term.

e Estimate the error bound of a Taylor or Maclaurin polynomial by using
alternating series error bound or the Lagrange error bo und.

e Do not claim that a function is equal to (=) its Taylor or Maclaurin polynomial; it
is only approximately equal (=). This could cost a point.
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3. The Taylor series about x = 5 for a certain function S converges to f(x) forall x in the interval of

~1)"n!
convergence. The nth derivative of f at x = 5 is given by f(”){i) = %—n—é), and!f BS) = %I
n -+

(a) Write the third-degree Taylor polynomial for f about x = 5.
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(b) Find the radlus of convergence of the Taylor series for f about x = 5.
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(¢) Show that the sixth-degree Taylor polynomial for f about x = 5 approximates f(6) with error less
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6. The Maclaurin series for the function f is given by
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on its interval of convergence.

(a) Find the interval of convergence of the Maclaurin series for . Justify your answer.
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(b) Find the first four terms and the genera] term for the Maclaunn series for £’ (x).
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3. The Taylor series about x = 0 fora certain function f conv

erges to f(x) forall x in the interval of
convergence. The nth derivative of f at x =

0 is given by

(n) 0) = (—1) (?1 +1)|
7(0) T

The graph of f has :Lorizontal tangent line at x = 0,/ and f(0) =6.

for n = 2.
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(b) Write the third-degree Taylor polynomial for f about x = 0,
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(¢) Find the radius of convergence of the Taylor series for f about x = 0. Show the work that leads to your

answer, ' ‘
-1 (n-rt) A &
flx)= Z S Cno Z‘ (-;) (n+)) o
nto —-——-1—-‘“. fro . i (h. ;) ‘@_Wl
!
Qo;\t‘-" (~1) neD) G -l . P_('A_L« Lot -9 '
k hqw ! —_/_C‘— (-— el (h..-f!))’* ] F* ru*(.
e [(=DM*+Dn=Y X -Md(
= n-boh‘ S’\l(“‘fij \P‘ (‘O*“b
s - N
= [ =]
= I % ‘




l_ 6. The function f is defined by f(x) =
1

Do not write beyond this border.
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1-x> +x

which converges to f(x) for -1 < x < 1.
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(2) Find the first three nonzero terms and the general term for the Maclaurin series for f ().

Foz ~32 ¢ b= S v

T BRGY R

& 3 Yer S

N 0 e

3
(b) Use your results from part (a) to find the sum of the infinite series —23—2-%7%—-;— +(—1) u
‘e L R ¥
£3) “3(1)+ ) ?(1\
\ =
FOIT 5.3 ° (1+x3)
3 = fa.* v
0= —1(1+x ) \.35*-\) \e_b,gﬁ)‘-)
‘('2)
€'Y~ (L) P ED et~
_zfq_ )
(L% !/',_3\_1
P
- ..-(—{— - b i
?I;/L__d 1_'__.}—

*1aDJ0OG ST =~ *94A50 211IM 100 OrT

-14-

Continue problem 6 on page 15.

© 2006 The College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents).



Do not write beyond this border.

N 0 CALCULATOR ALLOWED
]
(c) Find the first four nonzero terms and the general term for the Maclaurin series representing _[: f(2)ar.
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fx)=-5+
for all real numbers x for which the series converges. The function g is defined by the power series
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for all real numbers x for which the series converges.
(a) Find the interval of convergence of the power series for f. Justify your answer.
=) A 0 ;
=1) AX

fose 20T o
e

L kReio TestW FE 5

N+l n+\ 4 -,
P Do P W& e
2 ¢

¢

y\qob n+1 (_l)n n*h

= l/.\.-» (,_{ ¥ - (I’\-‘-lj(ﬂ'l'l) ) é\’
N 0& ) Z____-nq—'),) = _ ﬁjﬂq)’::)ﬁs

[~ |l' <\ chack emdpts:

Do not write beyond this border.
"IDpI0Q STI]) PUOAS( )AL 01T 0(]

) n "
B = 4 -y n@)
{ l”Xl“-‘ = -1 . ZL")’\Y\('W )(=|) Z_ L
n=1 I
Ixl £ | & T
T A psr Nt
g &‘?Va P WAST ™ P
" :-:' CC’N'MS*@ bﬂ: v ) © '}1(:—; >6 Gor [4n<én
’ > S‘Wn.-ce 5‘-1 ‘:LVI{’W:’?"O ! : 'fé/ 2 y’L_r_L v
\\j’- o alse CLL’“.”“’:JQ . TRUT ke
; - n= & o B '
N R : ( _3\ JI_/\-._ ’_t‘__ " E -
unster - S X . | ,ne® n>os el 7 ¢
A L = .
G e LM—U-*‘;"A Se ¥erias
of comueN M e
il & e & X

X5
I

" Continue problem & on page 15.
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(b) The graph of y = f(

whether y has a relative minimum, a relative maximum, or neither at x=0
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—1). Find y’(0)

and y”(0). Determine

. Give a reason for your answer.
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Do not write beyond this border.

6. Let f be the function given by f(x) = 6e™*/> for all x.

(a) Find the first four nonzero terms and the general term for the Taylor series for fabout x = 0.
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(b) Let g be the function given by g(x) = fu f(2) dr. Find the first four nonzero terms and the general term for
the Taylor series for g about x = 0.
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Continue problem 6 on page 15.
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(c) The function £ satisfies h(x) = kf "(ax) for all x, where @ and k are constants. The Taylor series for A
about x = 0 is given by
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x | B | W) | RG) | RTx) | ()
1 11 30 42 99 18
488 448 584
“ 2 80 128 3 3 9
| 753 1383 3483 1125

3. Let h be a function having derivatives of all orders for x > 0. Selected values of & and its first four derivatives
are indicated in the table above. The function / and lhese[four derivatives are increasi@on the interval

1<x<3.

(a) Write me@degree Taylor polynomial for h about E =2|and use it to approximate %(1.9). Is this

approximation greater than or less than %(1.9) ? Explain your reasonin g -
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(b) Write thdearee Taylor polynomial for & about Eﬁand use it to approximate h(l B
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- 6. Consider the logistic differential equation 2 = 2

i (6-y). Let y = f(z) be the particular solution to the
differential equation with 7(0) = 8.

(2) A slope field for this differential equation is given below.
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(b) Use Euler’s method, starting at 7 = 0 with two steps of equal size, to approximate f(1).
=b-0_. =2 _ L
S ax T -3
ax ..___._._._W - Foe B« Y
0,2) ! i -2y = -1\ -1+8=
( ) ) . s D - _,’/ lP-‘_- & el
o ' Mmotkod W)
v = i -1 2 steps
(o5, % V& TFFTIC YT
Ci,7-%)
1 : \et ~ opproy
L EMx 1=T, ‘ of €0
Conﬁnue problem I6 on page 15.
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Do not write beyond this border,

(c) Write the second-degree Taylor polynomial for f about 7 = 0, and use it to approximate f(1).
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Do not write beyond this border.
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(a) Write the first four nonzero terms and the general term of the Taylor series for S about x = 0.
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(c) The derivative of In (I + xz) is

ey Write the first four nonzero terms of the Taylor series for
+x

]n(l - xz) about x = Q.
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(d) Use the series found in part (c) to find a rational number A such that {4 — In (%N < %ﬁ Justify your

danswer,
DA OENNGEE D
= (145 ) .
S Y Y- () .

B et \

——

revwiandir

let A=) -43)! remadda e et !
(I of
s ’ M
o aii‘"c” = \l
((1 \d \()JC L
[A-0 (D)) £ 3(3) & e
= +(337)
! o
*Taz < oo

“1BPI0oq ST] PUOAS] STLA JOU O(]

GO ON TO THE NEXT PAGE.
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